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Equations (8) are slightly different in appearance from the
corresponding results in Ref. 4 for the sharp corner, but it is
easy to show that they represent exactly the same physical
situation. In other words, the physical boundary conditions
are dependent only on the angle )\* and not on whether the
corner is sharp or radiused. :

Note that the equations determining the flow in a sharp
streamwise corner are obtained directly from the above
analysis by setting A=\* for all £ and replacing the con-
ditions in Eq. (8) for £? =0 with the more general form

u,; —sin\u, , =0, ,; —sin\y, , +sinkg, ;=0

=0, A=0

Choosing N=\* tanh{?, the methods of Ref. 4 were used to
solve Egs. (2), (3), (6), (7), and (8) numerically for corners of
included angles 90, 135, 225, and 270 deg (i.c., A* =45, 22.5,
—22.5, and —45 deg).

The most significant results are the streamwise and Car-
tesian cross-flow velocity components u and v(2) at the
symmetry plane y° =£3 =0 and the shear stress 7, (£3) on the
wall £2 =0, where .

_ COSN* (0u/08%) p2_,
M= Twm"cosn 17 (0)

and v .
Twe =T, () =f" (0)/cos\*

These quantities are shown in Figs. 2-4 for 90- and 270-deg
corners. Included for comparison are the corresponding sharp
corner results-also obtained from the present program. These
agree exactly with the results of Ref. 4 and therefore, as
demonstrated in that paper, they are also in very good
agreement with the 90-deg sharp corner results given in Ref. 3.
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I. Introduction

ECENT theoretical and experimental studies suggest that

surface heating in water holds promise for enhancing
boundary-layer stability by retarding the growth of Tollmien-
Schlichting instabilities, or by increasing the surface area over
which two-dimensional, infinitesimal disturbances are
damped. In the absence of a comprehensive theory of
boundary-layer transition, linear stability theory currently
provides the sole analytic guide for manipulating mean flow
velocity profiles to delay transition.

Even for preliminary engineering applications, no single
parameter describes the stability of a particular velocity
profile. However, the minimum critical Reynolds number can
be extremely useful, both as a precise measure of the extent
over which all two-dimensional, infinitesimal disturbances are
damped and as a simple qualitative surrogate for the stability
characteristics of a particular velocity profile.!

Lin2 developed a simple set of asymptotic relations for
determining the minimum critical Reynolds number from the
velocity profile of a constant property, laminar boundary
layer. The Lin relations were widely used? until the advent of
computer-based schemes for the solution of the Orr-
Sommerfeld equation. In 1946, Lees and Lin* extended the
original Lin relations to the compressible flow of air, and
later, Dunn and Lin5 and Mack® presented further com-
pressible extensions of the original Lin analysis for the neutral
curve. However, special difficulties associated with com-
pressibility diminished the role of this analytic approach in
high-speed gas dynamics, and numerical computation
preempted analytic solution for the airflows.

For heated-water boundary layers, in practice, the situation
is simpler than for compressible flows. Water density is nearly
constant, temperature and viscosity fluctuations have little
effect on stability, and the primary departure from the

.constant property incompressible flow originally considered

by Lin is the varxatlon of mean flow viscosity with tem-
perature.”8
In this Note, we show how the Lin relations and. Dunn-Lm

, theory may be used, after slight modification, to estimate the

minimum critical Reynolds number for heated boundary
layers. The results of our modified Dunn-Lin analysis are then
compared with values obtained from numerical solutions of
the Orr-Sommerfeld equation for heated-watér boundary
layers. Once the accuracy of these new relations is established,
they are then used to indicate the influence of changing
temperature levels on the minimum critical Reynolds number.
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The surprisingly powerful effect of axial surface temperature
gradient in maintaining stability is also illustrated for the case
of unfavorable pressure gradient. Because of their accuracy
and simplicity, the new relations may be useful in preliminary
feasibility and optimization studies of laminar flow
hydrodynamics.

II. Method

~In the Dunn-Lin approach, X is a small quantity reflecting
the curvature of the velocity profile between wall and critical
layer. This parameter is defined to include both variable

kinematic viscosity as well as profile curvature. We adopt this

definition of A, neglecting density variation, or

e @) B (D) el o

where p is viscosity nondimensionalized by its freestream
value, and 5 is y nondimensionalized by boundary-layer
thickness. This definition follows from the application of the
modified Tollmien variable,

o[ 35 W] a

to obtain the dominant viscous terms in the asymptotic
solution of the Orr-Sommerfeld equation. Lin found that the
minimum critical Reynolds number is approximated when the
wall (3 =0) value of {is given by —3.21,

dU 0

Using available constant property numerical solutions, Lin
estimated o as a=(dU/d»)(0)c, neglected terms of O(X) in
Eq. (3), and adjusted constants to develop the relation
R_.=25(U/38y)(0)c~*. We proceed in the same spirit, but
choose constants in accord with accurate recent computation
for the Blasius profile. The updated relation then becomes

Rc='_-289—q (0)pu(0)c~* @
dy

Lin’s relations for »(c) and y, are unchanged:

p(c) (1—-2N\)=0.58 &)
and

a?Uu au o
v ==x% OUG) T3 00 (3 00)”  ©

Because X\ is small, it can be approx1mated with sufficient
accuracy by

SHIE ((?zlf//?n)‘;(’:f‘)) J+50-50)) o

This follows from assuming a linear viscosity profile, a
parabolic velocity profile, and then evaluating the dominant
term in Eq. (2). The required modifications of the Lin
relations are Eqgs. (5-7) for determining y, and ¢, and Eq. (4)
for determining the mihimum critical Reynolds number.
Because of sensitivity to profile curvature, accurate laminar
velocity profiles in the wall region are required.

II. Results
A comparison between values of R} (where R* is the
Reynolds number based on displacement thickness) calculated
by the present approximate method and those calculated by
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Fig. 1 Comparison between modified Dunn-Lin numerical solutions
of the Orr-Sommerfeld equation.

numerical computation of the Orr-Sommerfeld equation for
exact boundary-layer profiles is shown in Fig. 1. The curves
are based on published results of Wazzan and co-workers’-10
for - Falkner-Skan similarity flows and various surface
overheats. The symbols correspond to the current results.
Although no single profile shape factor can uniquely correlate
R} when both pressure gradient and surface heating are
present, =6*/0 remains a convenient parameter for
presenting these results. (8* is dlsplacement thickness and 8 is
momentum thickness.)

The open circles are computed by our approximate for-
mulas for Falkner-Skan flows at zero A7. The agreement
between exact calculation and the proposed method is
remarkable in the ‘‘practical’’ range of H between 2.2 and 3.
The asterisks correspond to the case of 8=0 (flat plate) and
various surface overheating, where 3 is the Falkner-Skan
pressure gradient parameter. Note that the agreement between
the exact and approximate methods is again satisfactory in the
region between H=2.59 and H=2.2, where a stability
reversal occurs as AT increases past 24°C (75°F). The method
agrees with exact calculations in predicting the existence and
location of the maximum attainable critical Reynolds
number, both for this case and for the case of 3= —0.1988
(closed circles). For 8=0, the method appears to overpredict
R? in the region of large surface overheating corresponding to
values of H less than 2.3. The case of B3=1.0 (crosses),
corresponding to an extremely favorable pressure gradient, is
more problematic. Exact calculations indicate that R?* exhibits
a local maximum of 2.2x 104 at H=2.05 and then increases
again with further surface overheat. The approximate
method, however, exhibits an absolute maximum at H=2.05,
corresponding to AT7=4.44° C (40°F). There is a good
agreement between the exact and approximate values up to
this value of surface overheat.

Figure 2 shows the variation of Rx, (where Rx is the
Reynolds number based on external conditions and axial
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Fig.3 Theeffect of variable surface overheat on neutral stability.

distance) with surface overheat for a series of favorable and
unfavorable pressure gradients of the Falkner-Skan type. The
symbols in this figure represent results obtained by numerical
integration of the Orr-Sommerfeld equation, and the curves
refer to the approximate method. The agreement between
exact and approximate computations is again satisfactory in
the practical range of 8 between +0.10 and —0.10. The
results in Figs. 1 and 2 suggest that the method gives accurate
results when' applied to pressure gradients and surface
overheats that are achievable in practice.
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The results shown in Fig. 3 represent a severe challenge to

‘the approximate method. Numerical solutions of the Orr-

Sommerfeld equations for nonsimilar velocity profiles (the

- Falkner-Skan 8= —0.10, but the wall temperature is linear in

x) exhibit extreme sensitivity to surface overheat, particularly
for the region AT>4.44°C (40°F), where R} increases sharply -
with AT. The approximate method not only duplicates this
qualitative behavior, but considering its simplicity and
economy, does it with remarkable accuracy. (More detailed
analysis and further applications are described in Ref. 11; and
Ref. 12 discusses unsteady flow stability.) The surprisingly
powerful stabilizing synergism between wall temperature
distribution and heating is due primarily to the ability of the
thermal boundary layer to deform viscosity and velocity
profiles in the region between critical layer and wall.
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